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We investigate the effect of the position of the donor in the quantum well on the energy spectrum 
and the oscillator strength of the D~ system in the presence of a perpendicular magnetic field. As 
a function of the magnetic field we find that when D~ centers are placed sufficiently off-center 
they undergo singlet-triplet transitions which are similar to those found in many-electron parabolic 
quantum dots. The main difference is that the number of such transitions depend on the position 
of the donor and only a finite number of such singlet-triplet transitions are found as function of the 
strength of the magnetic field. For sufficiently large magnetic fields the two electron system becomes 
unbound. For the near center D~ system no singlet-triplet and no unbinding of the D~ is found 
with increasing magnetic field. A magnetic field vs. donor position phase diagram is presented that 
depends on the width of the quantum well. 
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I. INTRODUCTION 

In multilayer and quantum well structures, such as 
GaAs I Al x Gai- x As, the electrons bound to donor im- 
purities situated in the barrier tend to migrate in the 
well, due to the favorable potential gap. There they are 
trapped by the impurity donors, such as Si, that are nat- 
urally or artificially present in the material. The trapping 
of one electron by a donor does not completely screen the 
charge of the donor itself, thus bounded states of negative 
charged donors are in principle and in practice possible.EJ 

A great deal of attention has been given to the for- 
mation and stability of negative donor centers in semi- 
conductors in recent years. Those systems, indeed, being 
the simplest many-body system, represent an interest- 
ing occasion to study the electron-electron interactions 
in solids. 

In previous experimental and theoretical studies the 
dependence of the binding energy of the D~ on the mag- 
netic field strength and on the dimension of the quantum 
well have been done. While a great. part of these works 
consider the on-center D~ problem,0 □ i.e. when the im- 
purity donor is at the center of the well, the study of 
the off-center, i.e. when the impurity donor is displaced 
from the center of the well, and the barrier D~ problem, 
i.e. when the donor is in the barrier, are much less in- 
vestigated. On the theoretical side, Zhu and XuO studied 
the spin-singlet L=0 and the spin-triplet L=-l states for 
a quasi-2D D~~ while Fox and LarsenB studied the bar- 
rier D~ in which the electrons are moving in a perfect 
2D plane. The dependence of the properties of a D~ 
system on the position of the donor with respect to the 
center has been partly investigated by Marmorkos et al\!\ 
They considered the problem of a double quantum well 
in which one of the two wells hosts, in its center, the 
donor, while the other contains the electrons. On the_ex- 
perimental side we point out the work of Jiang et ala in 
which experimental evidence of an off-center D~ system 
was presented. All these studies on off-center and bar- 
rier D~ show spin-singlet spin-triplet transitions of the 
ground state with increasing strength of the magnetic 
field. But the situation studied in previous works differs 
from the real problem of the off-center D~ . The work of 
Zhu et al. is most close to the real experimental situa- 
tion but they studied only the first two state of the D~ 
system. Such singlet-triplet transitions have also been 
observed in electron systems confined in quantum dots 
and are known as magic magnetic number ground state 
transitions.liil In quantum dots the electrons are held to- 
gether by a parabolic or hard wall confinement potential 
which for the D~ problem is replaced by the Coulomb 
potential of the donor impurity. Thus it seems that the 
appearance of singlet-triplet transitions is a characteristic 
feature of confined electronic systems, and in this paper 
we will shed more light on the condition under which such 
transitions appear in the D~ system. The D~ problem 
has the added flexibility that the singlet-triplet transi- 



tion can be influenced by changing the position of the 
donor with respect to the center of the quantum well. It 
is even possible that for certain donor positions there is 
no singlet-triplet transition at all. 

In the present paper we study the properties of the 
off-center D~ as function of the position of the donor in 
the well, and as function of the quantum well width in 
the quasi-2D approximation. In Sec. || we present our 
model and explain how we obtain the wave function and 
energy of the different D° and D~ levels. Next, in Sec. 
Ill, we present and discuss the energy spectral behavior 
for quantum wells of width 200A and lOOA. Then, we 
compare the results of the two calculations in order to 
have a better understanding of the reasons that underlie 
the different behaviors of the two energy spectra. Next, 
in Sec. |y|, we evaluate and study the dependence of 
the oscillator strength and of the transition energies on 
the magnetic field and on the position of the donor with 
respect to the center of the well. In Sec. fv| we use our 
model to explain the cyclotron resonance experim ent of 
Jiang et al.u Our conclusions are presented in Sec. VI 



II. THE MODEL 

The properties of the off-center D~ in a finite-height 
quantum well under the influence of a perpendicular mag- 
netic field will be treated in the present paper. In the 
frame of the effective mass approximation the Hamilto- 
nian of the D~ system is given by 
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where Hf is the Hamiltonian for the i-th one elec- 
tron D° system and V ee is the electron-electron repulsive 
Coulomb interaction. Using cylindrical coordinates and 
the effective Bohr radius, as = h 2 eo/m*e 2 , and the ef- 
fective Rydberg, R y = e 2 /2ea_B, as units of length and 
energy respectively, the neutral donor Hamiltonian 
and the electron-electron Coulomb potential assume the 
form 
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where the vector potential is taken in the symmetric 
gauge A = fx B/2. The magnetic field is expressed 
in the dimensionless quantity 7 — hcu c /2R y with lu c — 
eB/m*c the cyclotron frequency; C is the position of the 
donor along the z-axis as measured from the center of 
the well and Vqw(z) is the confining potential due to 
the quantum well of width W. For GaAs / Al x Ga\~ x As 
with x = 0.25 we took e = 12.5 and obtain as — 98. 7A, 
R y = 5.83 meV, 7 = O.U8B(T). We took the mass of 
the electron equal in the well and in the barrier, namely 
to* = 0.067mo, and the height of the barrier is given by 
V = 0.6 x (1.155a; + 0.37s 2 ) eV. 



2 



The strong confinement along the z-axis allows to ne- 
glect the correlation induced by the Coulomb interaction 
in the z-direction, thus we can write the wave functions 
for the D~ as follows 



number for those functions, and therefore the D wave 
functions are taken as 
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with fi(zi) the ID ground state wave function ieir the 
electron confined in a quantum well of height Vo Hi 

The two-electron function ip(p{, P2) expresses the cor- 
relation between the two electrons and is obtained by 
diagonalizing the Hamiltonian (Q) in which the electron- 
electron, V ee , and the electron-donor, V ec i, Coulomb in- 
teraction are replaced by their average along the z-axis, 

V ee {\p x -p 2 \)= I dz x [ dz 2 \h{ Zl )\ 2 \h{z 2 )\ 
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where indicates the summation is only over even 
(odd) values of the index I when L is even (odd). 



III. THE ENERGY SPECTRUM 
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respectively. In a previous worki it has been shown that 
in the case of hard wall confinement Eq. (|^) can be re- 
placed by the expression 
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where A = 0.2PF and Kq(x) is the modified Bessel func- 
tion of the third kind. In the present paper we use the 
same expression for a finite height quantum well in which 
A is determined by fitting Eq. (0) to Eq. (||). A com- 
parison between the potential (Q) that was evaluated nu- 
merically and the approximate expression (Q) is shown in 
Fig. |l](a) for a quantum well of width W = 200 A where 
the fitting parameter was found to be A = 0.607as. On 
the other hand, no simple analytic approximation to Eq. 
@ could be found. This is shown in Fig. [!](&) for an 
off-center donor with £ = 0.7<xs and W — 200A where 
we compare Eq. (^) which we fitted to the potential (Q) 
with A = 0.92as (solid curve) and the screened Coulomb 
potential 1/ \J p 1 + A 2 with A = 0.803as (dashed curve). 
None of the two fits give a good approximation to Eq. 
(||) in the small p region. Therefore, we retain in the 
Hamiltonian the numerical expression for Eq. (^|). 

Using a finite difference technique, as explained in Ref. 
12, the Schrodinger equation associated to the Hamilto- 
nian (||) was numerically solved on a non-uniform grid in 
p-space and the eigenvalues and eigenvectors, R ny i(p)e ll< ^ 
for the D° were found for different values of £ and arbi- 
trary magnetic field strength. The eigenfunctions for the 
D~ can then be constructed as a linear combination of 
the D° wave functions. Due to the rotational symmetry 
in the p-plane of the Hamiltonian (j^) the z-component 
of the orbital angular momentum, L, is a good quantum 



First we solve our model for an off-center donor in a 
CuAu/A£ gGa.?As quantum well with width W = 200A 
(&2ciBy&TLid height of the potential barrier Vq = 0.23eV. 
The dependence of the energy on the position of the 
donor with respect to the center of the well is investi- 
gated numerically. 

The binding energy of the D~ state with z-component 
of the orbital angular momentum equal to L is defined as 

E r b l (D-,L) = E°(D°, 0) + E(e, 0) - E n (D^ ,L), (9) 

where E°(D°, 0) is the energy of the ground state of the 
D° in the well, E(e, 0) = 7 is the energy of a free electron 
in the N — Landau level and E n (D~,L) is the n-th 
energy level of the D~ with L the z-component of the 
orbital angular momentum. 

The results of our numerical calculation are plotted in 
Fig. I for W = 200A. The binding energies of the first 
L=0 state, a spin-singlet, and of the state L=-l, a spin- 
triplet, are plotted against the magnetic field for different 
positions, £, of the donor with respect to the center of 
the well. 

We note, first, that the binding energy decreases when 
the donor center is displaced from the center of the quan- 
tum well. The reason is that the electron-donor interac- 
tion decreases with increasing £. This is because, due to 
the strong confinement along the growth axis of the well, 
the electrons tend, even in the case of an off-center donor 
system, to be localized in the center of the quantum well 
although the donor is displaced a distance C from the 
center. 

A second feature to be noted is that the magnetic field 
dependence of the binding energy changes qualitatively 
with increasing £. For sufficiently large £ we find that 
E£(D~,L) has a maximum as function of 7. The bind- 
ing energy starts to decrease after this maximum and for 
sufficiently large 7 it can even become negative, indicat- 
ing an unbinding of the D~ state. 

Third, in the absence of a magnetic field the ground 
state of the D~ is, regardless of the position of the donor, 
the spin-singlet state. When increasing the magnetic 
field, the ground state for a well-center D~ , i.e. ( = 0, 
remains the singlet one. In contrast, the ground state of 
the off-center D~ with £ > .45as shows a transition to 
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a spin-triplet state for large enough magnetic fields. The 
magnetic field at which the singlet-triplet transition oc- 
curs depends on the position of the donor as it appears 
from Fig. 0. This dependence will be studied further 
below where it is found that the magnetic field at which 
the transition occurs decreases with increasing £. 

Larsen and coworkersB investigated the ideal 2D prob- 
lem, neglecting the finite extension of the electron wave 
function in the z-direction, i.e. fi(z) = 5(z), and cal- 
culated the D~ spectrum for a donor out of the plane 
in the limit of high magnetic fields and found an infinite 
number of singlet-triplet transitions. The situation for 
a quasi-2D off-center D~ is quite different. In this case, 
in contrast to the 2D case, the extension of the electron 
wave function in the z-direction is taken into account, 
together with the finite height of the barrier. Let us in- 
vestigate deeper the behavior of the energy spectrum of 
such a system, with e.g. C = 0-7as- The results for 
the binding energy of the different levels, i.e. different 
angular momentum states, are shown in Fig. @(a), for 
the case of a quantum well of width W = 200A. Note 
that different transitions occur at higher magnetic fields. 
The ground state exhibits a singlet-triplet transition at 
7 = 1.5 and a triplet-singlet transition at 7 = 16.1. For 
7 > 22.7 which corresponds to B > 154 T the D~ ground 
state unbinds, i.e. the D~ magnetically evaporates. 

While for the ideal 2D system an infinite number of 
singlet-triplet transitions are found for a quasi-2D system 
only a finite number of such transitions are possible as 
is clearly visible from Fig. |||(a,6). The critical 7's at 
which the singlet <-> triplet transitions occur depend on 
the position of the donor (see Fig. ||(&)). The 7 — ( 
phase diagram for the ground state of a quantum well of 
width W = 200A is given in Fig. |]. We found that for 
£ < QAbas the ground state is a singlet for all magnetic 
fields, for 0.45a_B < C < 0.65as only one singlct-triplct 
transition (see Fig. |j) is possible and for £ > 0.65as 
there are two of such transitions. Increasing ( further 
such that the donor is in the barrier (i.e. £ > l.Olas), 
the number of singlet-triplet transition does not increase 
as illustrated in Fig. ||(&) for a D~ with ( = 1.4as . 

The physical origin of the singlet-triplet transitions is 
related to the decrease of the electron-donor attraction 
with the displacement of the donor from the center of the 
well when compared to the constant electron-electron re- 
pulsion. The corresponding electron-donor and electron- 
electron in-plane potentials are shown in Fig. |5| for two 
values of £. For small values of £ ( e.g. C = 0. in Fig. 
||) the attractive single electron-donor potential is larger 
than the electron-electron potential and consequently the 
D~ system prefers a configuration in which the two elec- 
trons are as close as possible to the donor in order to 
enhance the binding energy, i.e. the L=0 state is fa- 
vored. When £ is sufficiently large (e.g. £ = 0.7as in 
Fig. |^) the repulsive electron-electron interaction dom- 
inates the attractive single-donor potential at small dis- 
tances and the D~ can have bound states only when the 
two electrons are sufficiently apart to render the repulsive 



inter-electrons interaction lower or of the same order as 
the attractive electron-donor potential. For small mag- 
netic fields this can still be realized in the L=0 state. 
Increasing the magnetic field brings the electrons closer 
to p = which will also increase the electron-electron 
repulsive energy. For sufficiently small £ this can still 
be compensated by the attractive electron-donor energy. 
For £ sufficiently large the electron-electron repulsive en- 
ergy increases faster then the electron-donor energy with 
increasing B. The D~ system can decrease its energy in 
this case by placing the electrons further apart which is 
achieved by placing the electrons in higher L-states. Sim- 
ilar singlet-triplet transitions have been found recently in 
quantum dots systemsJiJTl3 The quantum dot system is 
an extreme case in which the electron-donor potential is 
replaced by the confinement potential which is usually 
taken of a quadratic form, i.e. V e d — > lo 2 p 2 . 

In Fig. |6] the pair-correlation function < S(o— \pi — 
P2I) > is shown for the spin-singlet L=0 ( Fig. ||(a)) and 
spin-triplet L=-l ( Fig. ^(&)) states for different values 
of the magnetic field for an on-center (i.e. £ = 0) and for 
an off-center (i.e. £ = 0.7as) D~ system. The magnetic 
field behavior of the two states is essentially the same 
for both the center and the off-center D~ system. The 
magnetic field tends to localize more the wave function 
with increasing magnetic field. For the L=0 state the pair 
correlation function becomes more and more peaked at 
p = 0, this means that the electrons are more and more 
close to each other with increasing magnetic fields. For 
the L=-l, the peak of the correlation function is shifted 
towards p = with increasing B, and thus, the magnetic 
field localizes the electrons further. The effect of the 
electron-electron repulsion can be seen in the shape of 
the correlation function itself. For the off-center system 
the pair-correlation function is broader than the one for 
the center D~ system even for increasing magnetic fields 
and thus the electrons tend to repel each other more, 
which is a consequence of the diminished electron-donor 
interaction. 

When the dimension of the well is reduced the localiza- 
tion of the electrons in the center of the well is increased. 
For example, if we neglect the penetration of the elec- 
trons in the barrier, the width of the f\{z) is equal to 
L. Thus the electron-electron repulsion increases and at 
the same time, for the off-center case, the electron spends 
more time far from the position where the donor is lo- 
cated. Thus, we expect that systems with a smaller well 
width will show more spin-singlet to spin-triplet transi- 
tions with increasing magnetic field, and that these tran- 
sitions will occur at smaller fields. 

Indeed, for a W — 100A quantum well, with again 
£ = 0.7as, we observe (see Fig. 0) as much as 4 transi- 
tions before the D~ evaporates at a magnetic field of 
B fa 81T (i.e. 7 w 12.0). The full phase-diagram 
for those transitions is shown in Fig. ||. The well 
width dependence of the singlet-triplet transitions and 
of the evaporation magnetic field are shown in Fig. ^ for 
£ = 0.7as. Notice that the critical magnetic field for the 
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same transitions, e.g. for the spin-singlet L=0 to spin- 
triplet L=-l state, decreases with decreasing well width. 
At the same time the number of transitions increases. 
But the evaporation magnetic field first decreases and 
then for W < 140A increases again. An explanation 
of this feature is that other transitions are allowed for 
small well width and this ensure stability of the D~ up 
to higher magnetic fields. 

The increase of the number of singlet-triplet transitions 
with decreasing dimensions of the quantum well, explains 
the larger number of transitions found by Larsen et alu in 
the ideal 2D system with respect to the smaller number 
found in the present study of realistic quasi-2D systems. 

IV. CYCLOTRON RESONANCE TRANSITIONS 

The oscillator strength for cyclotron transitions, in the 
present units, is defined as 

2 i 

F ilf = {E f - Et)\ < *,| £ 2^ e± * I*/ > I" ( 10 ) 

.7=1 

where Ef,E^ are, respectively, the final and initial-state 
energies and ipf,ipi are, respectively, the final and initial- 
state wave functions. The ± sign in Eq. ([l0|) refers to 
circular left /right polarization of the light. Note that 
the perturbation induced by the electric field is spin- 
independent, thus the initial and final-states conserve 
the total spin, i.e. they are both spin-triplet or both 
spin-singlet states. Eq. (|o|) leads to the selection rules 
AL = ±1, while no selection rule is present for the quan- 
tum number n. 

We have studied the oscillator strength for cyclotron 
resonance transitions from the first singlet L=0 state - 
(n,L,S)=(l,0,0) - to the (1,-1,0) and the (1,1,0) states in 
the range 2-15T. The transition energies and oscillator 
strengths, for ( = 0.7a_B, are plotted in Fig. against 
the magnetic field and are compared to the one for £ — 
0. We recall that for a two-electron atom the oscillator 
strength satisfies the sum-rule J2i FiJ = 2. We observe 
that the off-center and the center D~ have rather similar 
qualitative magnetic field dependences. 

Cyclotron resonance transition from the ground state 
should show a discontinuous behavior in the cyclotron 
transition energies as a function of the magnetic field 
at the singlet-triplet transition points. In Fig. |ll| 
the transition energies for a donor at position £ = 
0.85as are shown. Respectively, the transition ener- 
gies for (1,0,0) -> (1,1,0) and (1,-1,1) -> (1,0,1) and 
(1, —2, 0) — > (1, — 1, 0) are plotted. The solid curve shows 
the transition energy which we expect to observe if the 
system makes a cyclotron resonance transition starting 
from the ground state. Thus steps in the cyclotron reso- 
nance energy should be observed at those magnetic fields 
at which the singlet-triplet transition takes place. In real 
experiments, as we will see later, not always transitions 



only from the ground state are seen in the neighborhood 
of the critical field which is due to the fact that in a real 
experiment the temperature is non zero. Indeed, when 
the old ground-state, i.e. the state that was before the 
transition the ground-state, and the new ground-state, 
i.e. the state that is after the transition the ground- 
state, have a comparable binding energy they can both 
be thermally populated. 

V. COMPARISON WITH EXPERIMENT 

In this section we present a comparison between our 
theoretical results and the experimental data reported 
by Jiang et aln The experiment of Jiang et al. was per- 
formed on multi-layers of GaAs / 'Al.3Ga.7As with well 
width of 200A and barrier width of 600A. Such a sys- 
tem can be considered as an ensemble of single quantum 
wells. The wells were nominally <5-doped at 3/4 of the dis- 
tance between the center of the well and its edge. In the 
model discussed in this paper this means that C = -75as 

A comparison between the theoretical and the exper- 
imental transition energies is reported in Fig. [l2]. The 
observed transitions are the D° (1,0) — > (1,1) and the 
D~ singlet (1,0,0) -> (1,1,0) and triplet (1,-1,1) -> 
(1, 0, 1) transitions. Our theoretical results are given by 
the three different curves. Note that our results fit well 
the data at low magnetic fields. The deviations between 
theory and experiment observed for B > 9T can be at- 
tributed to band non-parabolicity and pqlaron effects. 
Both effects decrease the transition energya but are not 
taken in account in this paper. 

In cyclotron resonance experiments the integrated ab- 
sorption intensities can be measured. The integrated 
absorption intensities are proportional to the oscillator 
strength times the population densities of the levels in- 
volved in the transition. To compare our results with the 
experimental data we have to make an assumption on 
the form of the population density. We assume that only 
the initial level of the transition is populated. Thus for 
the off-center D~ the population density of the level is 
proportional to e Eb l kT , where Eb is the binding energy 
of the initial state. We remark that for off center D~ 
in this range of magnetic fields the energies of the triplet 
and the singlet states are comparable. For the well-center 
D~ , instead, we consider only the L=0 spin-singlet state 
to be populated, i.e. the population density is 1. 

The results for the relative integrated intensities of the 
singlet transition as evaluated in our calculation and the 
experimental results are plotted in Fig. [l^ and are in 
good agreement, both for the well-center as well as for 
the off-center D~ . The temperature in the experiment 
was T = 4.3A". Note that the different magnetic field 
dependence for the center D~ (i.e. increase with B) and 
for the off-center D~ (i.e. decrease with B) is correctly 
described. The errors bars for the off-center intensities 
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are rather large. A slight discrepancy is observed at cer- 
tain values of the magnetic field for the off-center D~ but 
we observe that moving the donor in our model slightly 
closer to the center of the well, i.e. £ = 0.7as, the relative 
integrated intensity changes from the solid to the dotted 
curve in Fig. |l3| and now matches the experimental data 
in the magnetic fields region in which there was not such 
a good agreement before. Thus the apparent discrepancy 
in the integrated intensity, with Q = 0.75as, in the range 
5 — 14 T is explained by considering a small distribution 
of donors around the point of intended (5-doping. 
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VI. SUMMARY AND CONCLUSION 



We presented a theoretical study of the off-center D~ , 
where special attention was paid to the dependence of the 
binding energy on the well width and the donor position. 
We found that the magnetic field induces spin-singlet 
to spin-triplet transitions in the ground-state of the off- 
center D~ . The number of those transitions depends 
both on the position of the donor and on the width of the 
well. In contrast to the ideal 2D system and to quan- 
tum dots only a finite number of transitions are found. 
If the donor is near the center of the quantum well no 
such singlet-triplet transitions occur. When such singlet- 
triplet transitions occur we find that at sufficiently large 
magnetic field the D~ system becomes unbound and con- 
sequently one observes a magnetic evaporation of the 
D~ system. We calculated also the oscillator strength 
for the off-center D~ as function of the magnetic field 
and compared it to the results for a center D~ . We 
restrain ourselves to the study of the optical transitions 
(1,0,0) -> (1,-1,0), (1,0,0) -> (1,1,0), and we observed 
that the off-center and the center D~ have similar mag- 
netic behaviour. Our results were used to explain the 
experimental results recently reported by Jiang et al. on 
the cyclotron resonance transition energy and the absorp- 
tion intensity of the off-center D~ system for magnetic 
fields up to 15T. 

In conclusion, the D~ center is a natural quantum dot 
system which is confined by the coulomb potential of the 
impurity and consequently is more closely related to real 
atomic systems. A remarkable feature of the D~ cen- 
ters in quantum wells is the controllability of the effec- 
tive confinement potential which is Platzmann-like for a 
donor in the center of the well and screened Coulomb- 
like when the donor is placed far away from the quantum 
well center. In the latter case the potential is parabolic 
near the center of the quantum well plane and thus re- 
sembles the confinement potential of quantum dots. In 
this case singlet-triplet transitions are found as function 
of the magnetic field. A crucial difference with the quan- 
tum dots is that only a finite number of such a transitions 
occur and that for sufficiently large magnetic fields the 
D~ system becomes unbound, i.e. magnetically evapo- 
rates. 
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FIG. 1. Comparison between the numerical evaluation and 
the analytical fitting of the average in-plane potentials for a 
quantum well of width W = 200A. In (a) the e-e potential (l) 
is fitted to Eq. (M) (dashed curve). In (b) the e-d potential (I) 
is fitted to Eq. (|7j) (solid curve) and to l/^/p 2 + A 2 (dashed 
curve) . 



G 



FIG. 2. The 

magnetic field dependence of the L=0 spin-singlet binding en- 
ergy (solid curves) and the L=-l spin-triplet binding energy 
(dotted curves) for a GaAs / Al^Ga^As quantum well with 
width W = 200A = 2.02a s are shown for different position, 
f, of the donor with respect to the center of the well. ( is 
in units of a_e. For increasing magnetic field there is a cross- 
ing between the spin-singlet and the spin-triplet states when 
C > 0.45a s . . 

FIG. 3. In (a) the binding energies for different values of 
the z-component of the angular momentum are shown for a 
D~ with the donor placed at £ = .Tab ~ 70 A from the center 
of the quantum well. In ( b) the binding energies for a barrier 
D~ axe displayed, with £ = 1.4as ~ 140A. 

FIG. 4. Phase diagram for a quantum well of width 
W = 200 A. The curves show the magnetic fields at which 
the singlet-triplet transitions occur for given position of the 
donor as well as the field at which the D~ system evaporates. 

FIG. 5. The in-plane electron-donor potential for the 
well-center D~ and for the off-center D~ are compared to 
the electron-electron potential. 



FIG. 6. The pair correlation function of the D~ . In (a) the 
correlation function of the spin-singlet L=0 state is presented 
for different values of the magnetic field both for the off-center 
(dotted curves) as well as for the center D~ (solid curves). In 
(b) the same plot as in (a) is made but now for the spin-triplet 
L=-l state. 



FIG. 7. The binding energies for a D~ with £ = O.Tas 
in a lOOA quantum well, for different values of L. Four tran- 
sitions occur before the D~ system evaporates which occurs 
for 7 = 13.5. 

FIG. 8. The phase diagram for a 100A wide quantum well. 
Four transitions are possible for this quantum well. 

FIG. 9. The phase diagram for fixed donor position, 
£ = 0.7a_g, as function of the well- width W 

FIG. 10. The transition energies, (a), and the oscilla- 
tor strengths, (b), for the (1,0,0) — > (1,-1,0) and for the 
(1,0,0) — ► (1,1,0) transitions. The values for the donor 
placed at £ = 0.7a_e are compared to the values for a 
well-center D~ . The dotted line is the free electron cyclotron 
transition energy, hu} c . 



FIG. 11. The cyclotron resonance transition energies for 
a donor at f = 0.85as are shown by the dashed curves for 
the first three lowest states. The solid curve represents the 
expected transition energy from the ground state as function 
of the magnetic field at zero temperature. 



FIG. 12. The experimental data of Jiang et alu for the 
cyclotron resonance transition energy (symbols) are compared 
to our theoretical results (curves), for the D° and the singlet 
and triplet D~ , The donor is at £ = 0.75a_B and the well 
width is W = 200A. 

FIG. 13. Comparison of the relative integrate absorption 
intensity between the experimentally measured (symbols) and 
the present theoretical results (curves). The donor position 
is at f = 0.75a_e. The dotted curve takes into account a 
displacement of the donor from the position at which the well 
is nominally 5-doped, i.e. £ = 0.7as. 
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